In this paper, we study issues on disjunctions of propositional Horn theories. In particular, we consider deciding whether a disjunction of Horn theories is Horn, and, if not, computing a Horn core, i.e., a maximal Horn theory included in this disjunction. The problems are investigated for different representations of Horn theories, namely for Horn CNFs and characteristic models. While the problems are shown to be intractable in general, we present polynomial time algorithms for bounded disjunctions in the formula-based case.
Introduction
Since deduction from a set of propositional clauses is a well-known co-NP-complete problem, different approximation methods for reasoning from a clausal theory have been investigated, e.g., [10, 13, 3, 4, 1] . One of these approaches [10] uses a Horn greatest lower bound (also called Horn core [11] ), i.e., a maximal Horn theory ¦ ¦, if we view theories as sets of models, and the least Horn upper bound (Horn envelope [11] ), which is the minimal Horn theory ¦ ¦, i.e., ¦ ¦ ¼ for any Horn theory ¦ ¼ such that ¦ ¼ ¦. Computing Horn envelopes and Horn cores has been investigated in [10, 11, 2, 4, 8, 6, 1] . It has been shown that a Horn core of a given CNF formula ³ is computable in polynomial time with an oracle for NP [2] , and that computing a maximum (in terms of the numbers of models) Horn core is co-NP-hard [11] , if the theory ¦ is given by the set of its models.
In this paper, we consider the issue of computing Horn cores of the disjunction ¦ Ë Ð ½ ¦ of Horn theories ¦ , represented either by Horn CNFs, or by their characteristic models [9] . Characteristic models have been proposed as a model-based alternative to formula-based theory representation. The two approaches are orthogonal with respect to space requirements, i.e., the one approach sometimes allows for an exponentially smaller representation than the other; see [9, 12] . Observe that a disjunction ¦ of Horn theories is in general not Horn. Hence, it is of interest whether ¦ is Horn, in particular, since then the Horn core and the Horn envelope coincide to ¦.
Disjunctions of Horn theories may be encountered in different applications. For example, suppose that two groups have respectively formed logical hypotheses about an application domain (the "world"), e.g., relationships between medical tests and diseases, and they believe the relationships amount to a Horn theory. The hypotheses ¦ ½ and ¦ ¾ of two groups (amounting to sets of models) are obtained from actual and conjectured cases, respectively, i.e., concrete measurement data (obtained by experiments) and data which are believed to be true. Suppose the hypotheses ¦ ½ and ¦ ¾ are merged. Then, at the logic level, the disjunction, i.e., union ¦ ¦ ½ ¦ ¾ describes the merged hypotheses. It is of particular interest to know whether ¦ is Horn; if so, then the hypotheses are compatible in the sense that no further cases have to be adopted in order to preserve the Horn property, which may indicate that the individual hypotheses are sound. However, if ¦ is not Horn, then either further cases have to be added to maintain the Horn property (which corresponds to derivation of new case knowledge), or some of the adopted hypothetical cases have to be abandoned. Applying Occam's razor, it is natural to add or to abandon a minimal set of cases. In the former case, this amounts to finding the Horn envelope of ¦, and in the latter case, to finding a Horn core ¥ of ¦. In finding a Horn core ¥, it may be also asked to add a constraint such that ¥ includes all actual cases ¦ ½ , i.e., computing a Horn core ¥ satisfying ¦ ½ ¥ ¦ can be seen as one of the interesting and important problems.
In this paper, we first address whether a disjunction ¦ Ë Ð ½ ¦ of Horn theories ¦ , represented either by Horn CNFs or by their characteristic models, becomes a Horn theory. We show that checking this property is co-NP-complete for both representations in general, but is polynomially solvable if Ð is bounded by a constant. We next deal with the problem of computing a Horn core ¥ of ¦ satisfying ¦ ½ ¥ ¦, which has arisen in the above example. We show that, if Ð is bounded by some constant, then the problem is polynomially solvable from Horn CNFs, while it is co-NP-hard from characteristic models, even if Ð ¾. For the formula-based representation, we present a polynomial time algorithm CORE to compute a Horn core of the disjunction of two Horn theories ¦ ½ and ¦ ¾ . We also develop an algorithm CORE £ for computing a Horn core of the disjunction of Ð´ ¿µ Horn theories. This algorithm is polynomial if Ð is bounded by some constant. Furthermore, we give structural characterizations of Horn cores of a disjunction of Horn theories. As for the Horn envelope (which is always unique), we show that it is polynomially computable from characteristic models, but not from Horn CNFs, even if Ð ¾.
Due to space constraints, most proofs are omitted. They are given in [7] .
Preliminaries
We assume a supply of propositional variables (atoms) Ü ½ Ü ¾ Ü Ò , where each Ü evaluates to either ½ (true) or ¼ (false). Negated variables are denoted by Ü . These Ü and Ü are called literals. A clause is a disjunction ½ ¡ ¡ ¡ of literals, while a term is a conjunction ½ ¡ ¡ ¡ of literals. By È´µ and AE´µ (resp., È´Øµ and AE´Øµ) we denote the sets of variables occurring positively and negatively in (resp., Ø); (resp., ) is the empty clause (resp., empty term), i.e, falsity (resp., truth [10, 11] is the Horn theory ¦ ¦ such that no Horn theory ¦ ¼ such that ¦ ¦ ¼ ¦ exists. For the above ¦, ¦ ´½½¼µ ´½¼½µ ´½¼¼µ . As easily seen, the Horn envelope is always unique. Let ³ be a formula representing a theory ¦, and let ³ and ³ be formulas representing a Horn core and the Horn envelope of ¦, respectively. Then ³ and ³ are also called a Horn core and the Horn envelope of ³, respectively.
Formula-based representations
Our first result is that deciding the Horn property for a disjunction of Horn CNFs is intractable in general. 
Theorem 1. Given Horn CNFs
³ ½ , ³ ¾ ³ Ð , deciding if ³ Ï Ð ½ ³ is
Ù Ø
Let us now consider computing a Horn core. The following proposition, together with Theorem 1, implies that this is a difficult problem in general as well. 
¾
This is a rather negative result. The proof does not apply for a small (bounded by a constant) number of Horn theories, though. We next show that for two Horn theories (Ð ¾), the problem is polynomial.
Horn cores of the disjunction of two Horn theories
We start with the following lemma showing that any Horn core of a disjunction of Horn 
However, is not a Horn core of ³ ³ ½ ³ ¾ , since It can be shown that is one of the maximal Horn CNFs £ such that ³ ½ £ ³ ½ ³ ¾ holds, i.e., it is a Horn core of ³ ½ ³ ¾ .
Ù Ø
We mention that the algorithms for computing a Horn core in [10, 2, 1] are not polynomial on the disjunction of two Horn CNF formulas; they require a CNF for input.
An analysis of the algorithm CORE reveals that it bears no nondeterminism in computing a Horn core satisfying ³ ½ ³ ½ ³ ¾ . This raises the suspicion that a Horn core including ³ ½ might be unique. This is in fact the case. 
Horn cores of the disjunction of more than two Horn theories
Let us first show that the direct generalization of algorithm CORE does not produce a
Horn core for the case Ð ¿. 
Disjunctions of Horn Theories and their

Lemma 3. For any Horn CNFs
³ ¼ ³ ½ ³ Ð ,
Ù Ø
Based on this lemma, we design the following algorithm CORE £ . 
In the second iteration, we have Ò Û ÇÊ ´ ½ ³ ¾ µ ½ , and hence ¾ ½ holds. Since Ð´ ¾µ consecutive members ½ and ¾ satisfy ½ ¾ , the algorithm outputs a Horn CNF ¾ and halts. 
Characteristic Models
For any Horn theory ¦, a model Ú ¾ ¦ is called characteristic [9] , if Ú ¾ Ð ´¦ Ò Ú µ. The set of all characteristic models of ¦, the characteristic set of ¦, is denoted by £´¦ µ. Note that every Horn theory ¦ has the unique characteristic set £´¦ µ. E.g., consider the Horn theory ¦ ´¼½¼½µ ´½¼¼½µ ´½¼¼¼µ ´¼¼¼½µ ´¼¼¼¼µ . Then £´¦ µ ´¼½¼½µ ´½¼¼½µ ´½¼¼¼µ . In the rest of this section, we reconsider the problems in the previous section, assuming that Horn theories are represented by their characteristic models. We give here a summary of results and refer to [7] for further details.
Like in the case of CNFs, deciding whether a disjunction of Horn theories is Horn is intractable in general. 
¾
The next result gives a precise semantical characterization of the Horn property of a disjunction.
As an immediate consequence, we obtain the following result. 
Conclusion
In this paper, we considered the Horn cores and the Horn envelope of a disjunction ¦ Ë ¦ of Horn theories ¦ . We have proven that checking whether ¦ is Horn is in general co-NP-complete for both representations, but is polynomially solvable if Ð is bounded by a constant. We have also shown that, if Ð is bounded by some constant, a Horn core ¥ of ¦ satisfying ¦ ½ ¥ ¦ can be computed from Horn CNFs in polynomial time, while it is co-NP-hard from characteristic models, even if Ð ¾.
As for the Horn envelope, we have shown that it can be computed from characteristic models in polynomial time, but it cannot be computed from Horn CNFs, even if Ð ¾.
One of the further issues remaining for research is the problem of computing a Horn core ¥ of ¦ (which might not satisfy ¦ ½ ¥ ¦) from characteristic sets, in the case in which Ð is bounded by some constant.
